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1. INTRODUCTION

A large class of harmonic functions on the closed unit disk have unique
best uniform analytic approximations to them [3]. In this paper we show that
best analytic approximations to harmonic functions do not always exist by
constructing a counterexample from a familiar onc concerning the conjugate
function problem. Our method is based on what is now a standard approach
to extremal problems in H” spaces.

2. THE [1" CaAsE

The following pair of theorems have proved to be fundamental to many
extremal problems, e.g., in [1] and [2]. Let X be a normed linear space with
subspace M. Let M+ denote the annihilator of M in X* the dual of X.

THEOREM |. If x,€ X then

inf vy v = max L(xp)t
weM LeM™iLiny

THEOREM 2. If Ly X™ then

min || Ly —- L | = sup | Ly(x)l.
LeM™ re M
For g in L.T), 1 < p <2 o and T = the unit circle, the problem
infrepe ij g — f1, has a unique minimal solution fin H*. The existence follows
from Theorem 2 with X* = L» and M+ - H” while the uniqueness follows
from Theorem 1 and the representation of L in M* where X — L? and
M = H?[2, Theorem 8.1, p. 132].
Let D be the closed unit disk, 7 = ¢D, and 4 be the set of functions
analytic in D and continuous on T so that A4 is a subspace of C(T), the

20
Copyright € 1975 by Academic Press, Inc.
All rights of reproduction in any form reserved.



BEST ANALYTIC APPROXIMATIONS 21

continuous functions on T. Since A~ = H,', a subspace of LYT) and
(HY- = H>, a subspace of L*(T), Theorems 1 and 2 imply the following.
(See [2], p. 132)

THEOREM 3. For every g in L*(T) a best approximation [ from H* exists,
and if g is continuous [ is unique.

For many g in C(7T) the unique best H* approximation is also continuous,
re., in 4. (See [3].) To show that this is not always true we will need the
following comparison between uniform approximation in C(7) and L*
approximation in L*(T).

THEOREM 4. [f ge C(T) then

infig-— /[ -= mf be — 1.

fed reH®

In other words, the distance from g to A4 in the uniform norm is equal to
the distance of g to H* in L*. Since 4 C H* the left side is larger than the
right side. However, since A4+ == H,' C (H*)* in (L*)*, Theorem 1 shows
that the left side is less than the right side. Hence equality must hold.

3. THE ConTiNuoUs CASE
THEOREM 5. There exist harmonic functions for which best analytic
approximations in the uniform norm do not exist.

Consider the function F(z) -= 35 (—iz"/n logn). On T,

L . “ sin nf & -—cos nf
Fren = i< 3R S

The behavior of u(#) and () is well known [4]. u(6) is continuous on T and
v(8) is continuous on T — {1}, but as & approaches 0, | o(#)! approaches oo.
In other words, Re(F(z)) e C(T) but F(z)is not in A. Let

g(e?) — ee=ir o = lriin) o emit(e=i0 — gm) (1

for 8 5= 0 and let g(1) -~ 0. Then g(e”®) is continuous on 7T since e*" is
bounded for 6 == 0 and (e~ — e~¥) is continuous on T and approaches
0 as 0 approaches 0. We will show that ¢ does not have a best uniform
approximation from A,

Let g be extended harmonically to all of D. Equation (1) shows that
inf, il — f1l, << 1since e F = e~(»+®) jsin H".
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On the other hand, the measure e®%e*+*(df/2x) on T annihilates H*. Let
o = (1/27) [y e* df. Then L( ) = (1)2ma) [o" ( ) e%ev+i df annihilates H-=,
has norm 1, and L(g) = 1. Therefore inf,cy || g — / |. 2> | by Theorem 1.
Consequently e~ == e~(#+:%) i3 the unique best H* approximation to g by
Theorem 3. Hence by Theorem 4 no best uniform approximation to g from A4
exists since e~ (149 ig not in A.
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